A PC program extending the procedure due to Carter and Yang (Commun Stat: Theory Methods, 8 (1986) 2507-2526) to allow unique times of measurement for subjects is described, illustrated and made available. Given longitudinal observations on each of N subjects comprising a single group, this program determines the lowest degree polynomial in time adequate to tit the average growth curve (AGC); estimates this curve and provides confidence bands for the AGC, and confidence intervals for the corresponding polynomial regression coeffkients; and so-called prediction intervals which, with a given level of confidence, will contain the growth curve of a 'new' subject from the same population of which the N subjects constitute a random sample. Two kinds of missing data are accommodated. First, in the context of studies planned so that subjects will be measured at identical times and, second, in unstructured studies where subjects may present with their own, unique times of measurement.
Introduction
A longitudinal study which is planned so that subjects will be measured at the same set of time points is said to be balanced (or to have a balanced design). If there are no missing data, the resulting data set is said to be complete. In an earlier paper [ 11, we described, illustrated, and made available a menu-driven PC program implementing Rao's [2] * Corresponding author. so-called two-stage, or random coefficients, polynomial growth curve model. Given a data set which is both balanced and complete, this program can be used to (a) determine the degree of the polynomial adequate to fit the average growth curve (AGC) of the sample, and (b) estimate and compute confidence bands for the AGC. More recently [3] , we implemented the extension of this procedure which accommodates missing data, but still requires a balanced design. This program produces output similar to that in [l] , with the addition of (c) prediction intervals which, with a given level of confidence, will contain the growth curve for a 'new' subject from the same population as the sample used in the analysis. In this paper, we describe and illustrate a program extending [3] to unbalanced designs: subjects may have their own, unique times of measurement.
The method
The method is based on Carter and Yang [4] . In our notation [1, 3] , we assume that the observations at the Ti times of measurement for the ith subject (i = 1, 2,...,N) have the structure xi -MVN (Wiry WiAWi' + 0~1r.J
i.e., Xi has a multivariate normal distribution with mean vector Wir and covariance matrix WiAWi' + a*IT,. In (l), the time design matrix, W, consists either of powers of the times of measurement fl,t2,...,tTi for the ith subject, or the values of orthogonal or orthonormal polynomials [5, 6] ; ITi is the TiXTi identity matrix; and r is the P x 1 vector of regression coefficients for the AGC. The regression coefficients specific to subject i, Ti, are assumed to have the distribution
and e* measures the variability of subjects about their individual growth curves (error variance). The subscripts on W and T emphasize the fact that subjects need not be measured at the same times nor have the same total number of observations. To illustrate the structure of the model, suppose the first of 2 subjects had observations 25.2, 29.0, 33.6, and 35.8 at times I, 2,3 and 5; and the second observations 27.3, 32.1 and 41.8 at times 1.2, 2.3 and 3.8. These correspond to the tirst 2 subjects from the data set considered in [ 1, 3] in which T = 5 measurements, t = l(l)5 were taken on each ;of N = 12 subjects; here we have discarded some.of the data, and altered the times of measurement for the second subject. We have Tl = 4, T2 = 3; and Then, if polynomials of degree D = 2 are tit to these subjects, and the successive-powers of-t form of the time design matrix is used, 
It will be noted that, in the above, P is fixed (a D = P -1 degree polynomial is tit to each subject's curve), and that S, is the sample covariance matrix of the ii. The coefficients of the AGC are then estimated by Hypotheses of the form H: L7 = 70, where L is a specified L x P matrix and r. is a vector of known constants, can be tested using the statistic If, e.g., the user specifies RD = 1 and FD = 3 in the previous example, r is estimated by and the test for linearity corresponds to the hypothesis H: r3 = r4 = 0. This is of the form HILT = 7. with
In our program we compute and print the Pvalues corresponding to both (15) and (16). Following [4] , who choose to be conservative, the P-value corresponding to (15), the F-test, is compared to the user-specified level of significance to determine whether a linear equation is adequate, i.e., if one accepts H: r3 = r4 = 0.
Confidence intervals and bands
where F(L, N -1) is the F-distribution with L and N -1 degrees of freedom. Alternatively, if N is large,
where X2(L) represents the chi-squared distribution with L degrees of freedom. In our program, tests for specification (i.e., for the adequacy of a given value of D) are based on We also compute confidence intervals for the elements of r, and confidence bands for the AGC either at the planned times of measurement or at times specified by the user when times of measurement differ among individuals. The user specifies the level of confidence to be used (e.g., 0.95). Let w be a 1 x P vector. Then approximate (for large values of N or min( T,)), (1 -a) x 100% co&i-dence intervals for the elements of T are given by
by taking, in turn,
In (17), tl _& (N -1) denotes the (1 -o/2) x 100th percentile of the t-distribution with N -1 degrees of freedom.
To generate confidence bands for the AGC, identify w with the rows of W, and let P = w?, the corresponding fitted value. Then marginal confidence bands are computed using
Simultaneous confidence bands are of the form
where F, _ a (P, N -P) is the F-distribution with P and N -P degrees of freedom.
We also compute prediction intervals [3, 4] . These are of the form
Marginal confidence bands for the AGC are appropriate for use when the investigator is interested in bounding the AGC at a single, preselected value oft. Simultaneous bands, as suggested by their name, provide a joint confidence statement for all values of t. As such, these intervals will be wider than their marginal (one-at-atime) counterparts. Prediction intervals may be used to bound the growth curve of a new subject from the same population as the sample used to construct the AGC. These must take into account both the variability of the individual curves about the AGC (wAw' + a2) and the variability (uncertainty) associated with the fact that the AGC was estimated (fl). They will therefore be the widest of the 3 kinds of confidence bands computed by our program. They are, however, useful in diagnostic contexts where one may wish to judge, e.g., whether a given subject is 'growing normally,' where normal is defined in terms of the population from which the sample used to construct the AGC is presumed to constitute a random sample.
The program
The program is invoked by issuing the command gsruni cyu. The user is first prompted as to whether the data represent COMMON or UNI-QUE times of measurement. If COMMON, the program follows the format outlined in [3] . In this case, it is assumed that the study was planned to have common times of measurement, say tl,t2,..., tT. The user is then prompted for the name and location of the (ASCII or GAUSS) tile containing the measurements; the columns containing the first and last response variables (these must be in consecutive columns); the degrees of the reduced (RD) and full (FD) models [ 1, 3] ; the times of measurement; the confidence coefficient (e.g., 0.95) to be used in constructing confidence intervals and bands; the level of significance (e.g., 0.05) to be used in determining the degree of the polynomial to be tit to the AGCs in the groups; and the missing data code. Periods '.' may be used to represent missing data, as well as (user-specified) numerical values such as 9999. Note that in this case, the times of measurement are not part of the data set; they are entered by the user while running the program. In terms of our earlier example, assuming the planned common times of measurement are 1, 2, 3,4 and 5, and that the 3 measurements for the second case were made at times 1,2 and 4, the first 2 lines of the data set might read Here the actual ages are used, and there is no real need for a missing data code. Note, however, due to the structure of GAUSS, all lines in the data set must be of the same length, and it is necessary to 'fill-up' the data set with 'missing data' so that each line has length Tm,, where T,,,,, denotes the maximum number of observations for individuals in the data set. (In the example, T,,,,, = 5.)
An example
We consider an example based on the first 10 cases of the data set given in Goldstein [7] . The observations are the heights of children in the Harpenden growth study conducted by Tanner et al. [8] . For convenience, these data are reproduced below, in the format required by our program in the case of UNIQUE times of measurement, alternating lines of observations and times of measurement: After indicating that UNIQUE times of measurement are present, and the name and location of the (GAUSS or ASCII) data set, the user is prompted for the number of subjects (N = 10) and the maximum number of time points (Tm, = 5). The user then indicates whether the observations are in the first or second row (we require alternating rows of observations and time points, but these can be in any order), and chooses between 4 forms of the time design matrix [1, 3, 5, 6] . For purposes of this example, we choose powers of the original time scores. Taking the degrees of the reduced and full models, respectively to be RD = 1 and FD = 3 (this causes the program to first test for the adequacy of a line, then, if necessary, for a quadratic. If a quadratic is inadequate, a cubic is used), and 0.95 for the level of confidence to be used in constructing intervals and bands, and 0.05 the level of significance for the tests of tit of the models, we find that a line is adequate to fit the data (P = 0.4581 for the F-test; P = 0.3833 for the chi-squared test), and that the estimated regression coefficients for each individual are The estimated error variance is c2 = 0.476 and The generalized least squares estimator of the coefficients of the AGC is Confidence intervals of 95% for these coefficients are presented as shown in Table 1 . At this point, since unique times of measurement are allowed, and since subjects may present with considerably different, even non-overlapping periods of observation, it is necessary for the user to indicate the interval, and the points within this interval, at which the confidence bands should be computed. To help in this choice, the program prints Min time value = 5.000 Max time value = 9.211 Max number of observations for an individual = 5.
The user is then asked to either input a 'typical time vector' or use the default which places 5 points equally spaced from 5.000 to 9.211. In this example, the choice of the typical vector is clear, and the user enters We then output the fitted AGC, the corresponding standard errors and 95% confidence bands for the AGC at each of these time points. There are 3 sets of output of this type corresponding to (i) marginal confidence bands for the AGC, (ii) simultaneous confidence bands for the AGC and (iii) prediction intervals. These are shown in turn in Tables 2, 3 , and 4.
Discussion
The example considered above was chosen because it lends itself nicely to comparisons of alternate analysis strategies which might be considered in this situation. Two other approaches which suggest themselves are to (1) ignore the (in this example) slight departures from the target ages, and analyze the data as if everyone was measured at t = 5(1)9; and (2) adjust the observations to the target ages before performing the analysis.
In the first situation, we simply run the program using COMMON times of measurement (this is equivalent to our earlier program [3] ) to estimate and compute confidence intervals and bands for Table 4 95% confidence bands for prediction intervals when UNIQUE times of measurement are used the AGC. Assuming all measurements were made at the target ages t = 5(1)9, we again find that a line is adequate to fit the data (P = 0.07624 for the Confidence intervals of 95% for these coefficients are given in Table 5 . It is seen that, in this example, the estimates of the model parameters are not greatly affected when one ignores the departures from the planned times of measurement. While not shown, the confidence bands for the AGC and prediction intervals are also quite similar (ignoring departures from the target ages results in slightly wider bands). One When COMMON times are used, the corresponding P = 0.07624 which might cause some to consider using a higher degree polynomial. In the second approach, one might use a method like that described by Goldstein [7] to adjust the measurements to the target ages t = 5 (1) The estimated error variance is now S2 = 0.488 and and 95% confidence intervals for these coefficients are shown in Table 6 . The values in Table 6 agree quite closely with the results when UNIQUE times (which we view as the 'gold standard') are used ( Table 1 ). The conlidence bands and prediction intervals are also quite similar, showing that, in this example at least, Goldstein's adjustments to the target ages was effective.
